
Pramod K. Varshney

EECS Department, Syracuse University | varshney@syr.edu

This research was sponsored by ARO grant W911NF-09-1-0244



June 29, 2011Pramod K. Varshney | Sensor Fusion Lab2



June 29, 2011Pramod K. Varshney | Sensor Fusion Lab3

Ui s may be

1. Local decisions

2. Features

3. Raw signal

Overview of 
Distributed 
Inference
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}Introduction

}Heterogeneity and Dependence

}Copula theory

}Signal Detection Using Copulas

}Copula-based Parameter Estimation (Localization)

}Classification using copulas

}Applications in finance are not considered!

}Conclusion
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}Different characterizations of dependence exist, e.g.,

} Correlation coefficient ïLinear measure of dependence

} Information theoretic, e.g., mutual information ïComputational 
difficulties

} Initial work on distributed inference assumed 
independence for tractability

} Distributed detection with dependent observations is an NP-
complete problem [Tsitsiklis & Athans, 1985]

}Decision fusion strategies to incorporate correlation 
among sensor decisions

} [Drakopolous & Lee, 1991] Assumes correlation coefficients are 
known 

} [Kam et al. 1992] Bahadur-Lazarsfeld expansion of PDFôs

} Both approaches assume prior knowledge of joint statistics
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Inference with dependent observations: difficult problem

Proposed solutions: largely problem specific
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} Non-parametric, learning-based

} HMMs & other graphical models

} M. J. Beal et al., ñA Graphical Model for Audio-Visual Object Tracking,ò Trans. PAMI, 

July 2003, Vol. 25, No. 7, pp. 828-836.

} M. R. Siracusa and J. Fisher III, ñDynamic dependency tests: analysis and 

applications to multi-modal data association,ò in Proc. AI Stats, 2007.

} Manifold learning

} S. Lafon, Y. Keller, R. R. Coifman, ñData fusion and multicue data matching by 

diffusion maps,ò IEEE Trans. PAMI, vol. 28, no. 11, pp. 1784--1797, Nov. 2006

} General information theoretic framework for multimodal signal 

processing

} T. Butz and J. Thiran, ñFrom error probability to information theoretic 

(multi- modal) signal processing,ò Elsevier: Signal Processing, vol. 85, 

May 2005.
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}For example Z1and Z2 may represent acoustic and 

video signals/features, respectively

}Definition is general

} Includes independent and identically distributed (iid) 

marginals
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}
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}Dependence between X and Y evident from scatter 

plot

}Correlation coefficient is unable to capture this: r = 0
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}
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}Relative entropy: ñdistanceò from product distribution

}Multi-information is the multivariate extension of mutual 

information

}Normalized measure

H. Joe, ñRelative entropy measures of multivariate dependence,ò Journal of the American 

Statistical Association, vol. 84, no. 405,  pp. 157-164, 1989

M. Studeny and J. Vejnarova, ñThe multiinformation function as a tool for measuring 

stochastic dependence,ò in Learning in Graphical Models (M. I. Jordan ed.) Kluwer, 

Dordrecht 1998, pp. 261-298
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}

A. D. Wyner,  ñThe common information of two dependent random variables,ò IEEE 

Trans. Inf. Theory, vol. 21, no. 2, pp. 163-179, March 1975



Motivation

Concepts
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}

Copula-based approach attempts to address these issues
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}Copulas are functions that couple marginals to form 

a joint distribution

}Sklarôs Theorem is a key result ïexistence theorem
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}Differentiate the joint CDF to get the joint PDF

N marginals

(E.g., from N sensors)

Uniform random variables!
Copula density

Product density

Independence
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}Several copulas have been proposed

}R. Nelsen, An Introduction to Copulas, Springer 1999

}Archimedean copulas & Elliptical copulas

}Widely used in econometrics

}David Li pioneered the use of the Gaussian Copula 

}Blamed for the meltdown on Wall Street

}Highlights dangers of applying theory without 

understanding the implications

}A pictorial example

}Copulas can characterize skewed dependencies

}Copulas can express dependency between marginals that 

do not share the same support (e.g. Normal and Gamma)
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}Copulas are typically defined as a CDF

}Elliptical copulas: derived from multivariate distributions

}Archimedean Copulas

Gaussian copula

t-copula
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